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By the conclusion from Theorem [1.1](#FPar1){ref-type="sec"} and applying an extrapolation argument (see \[[@CR8], [@CR11]\] and \[[@CR26]\]), we get the following.

Theorem 1.2 {#FPar2}
-----------
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Here and henceforth, the letter *C* denotes a bounded positive constant that may vary at each occurrence but is independent of the essential variables.

Preliminary lemmas {#Sec2}
==================

This section is devoted to present and prove some auxiliary lemmas which will be used in the proof of Theorem [1.1](#FPar1){ref-type="sec"}. We start with the following lemma which can be derived by applying the arguments (with only minor modifications) used in \[[@CR11]\].

Lemma 2.1 {#FPar3}
---------
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Proof {#FPar4}
-----
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We shall need the following lemma which can be acquired by using the argument employed in the proof of \[[@CR14], Lemma 4.7\].

Lemma 2.2 {#FPar5}
---------
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Using a similar argument as in the proof of \[[@CR4], Theorem 1.6\], we obtain the following.

Lemma 2.3 {#FPar6}
---------
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Proof {#FPar7}
-----
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Proof of the main results {#Sec3}
=========================

Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#FPar8}
----------------------------------------------

The proof of Theorem [1.1](#FPar1){ref-type="sec"} mainly depends on the approaches employed in the proof of \[[@CR11], Theorem 1.1\] and \[[@CR4], Theorem 1.6\]. By duality, for $\documentclass[12pt]{minimal}
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Proof of Theorem [1.2](#FPar2){ref-type="sec"} {#FPar9}
----------------------------------------------
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Further results {#Sec4}
===============

In this section, we present some additional results that follow by applying Theorems [1.1](#FPar1){ref-type="sec"} and [1.2](#FPar2){ref-type="sec"}. The first result concerns the boundedness of oscillatory singular integrals. More precisely, we deduce the following.
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Proof {#FPar11}
-----
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Theorem 4.2 {#FPar12}
-----------
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We point out that by specializing to the case $\documentclass[12pt]{minimal}
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                \begin{document}${\mu}_{\varOmega}$\end{document}$ has been studied by many authors (for instance, see \[[@CR11], [@CR13], [@CR15], [@CR18]\], as well as \[[@CR19]\] and the references therein). For the significance and recent advances on the study of the generalized parametric Marcinkiewicz operators, we refer the readers to consult \[[@CR7]\] and \[[@CR6]\] among others.

It is worth mentioning that Theorem [4.1](#FPar10){ref-type="sec"} generalizes the corresponding results in \[[@CR4], [@CR14], [@CR16]\], and \[[@CR22]\]. However, Theorem [4.2](#FPar12){ref-type="sec"} extends and improves the results found in \[[@CR11], [@CR13], [@CR19]\], and \[[@CR29]\].
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